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Using the coalescence model based on the phase-space distribution of nucleons from an extended
blast-wave model that includes the space-momentum correlation of high momentum nucleons, we
study the transverse momentum spectra and elliptic flows of deuteron and helium-3 in Pb+Pb
collisions at the energy
√
sNN = 2.76 TeV. We find that the measured elliptic flows of deuteron can
be satisfactorily described if nucleons of large transverse momenta are more spread in space when
their momenta are more aligned along the reaction plane.
PACS numbers: 25.75.Nq, 25.75.Ld
I. INTRODUCTION
Experimental measurements of the yield and elliptic
flow of light nuclei in heavy ion collisions have been
carried out at the BNL Relativistic Heavy Ion Collider
(RHIC) [1–4] and the CERN Large Hadron Collider
(LHC) [5–7]. To understand these results, both the sta-
tistical model [8, 9] and the coalescence model [10–16]
have been used. In particular, the elliptic flows of light
nuclei, such as deuteron (d), triton (t), and helium-3
(3He), have been measured by the STAR Collaboration
at RHIC for Au+Au collisions at a wide range of colli-
sion energies from
√
sNN = 7.7 GeV to 200 GeV [17].
Using a blast-wave model with its parameters fitted to
the proton transverse momentum spectrum and elliptic
flow, it was shown in Ref. [17] that simply replacing the
proton mass by those of light nuclei, the model failed to
describe the experimental data on the elliptic flows of
these light nuclei. Instead, the measured light nuclei el-
liptic flows were found to be consistent with the results
obtained from the coalescence model that uses the kinetic
freeze-out nucleons from a multiphase transport (AMPT)
model [18]. A similar conclusion was found in Ref. [16]
using the coalescence model based on the nucleon phase-
space distribution from an extended blast-wave model.
Besides fixing its parameters by fitting to the measured
proton transverse momentum spectrum and elliptic flow,
this extended blast-wave model further takes into con-
sideration of the larger in-plane than out-of-plane flow
velocity due to the positive elliptic flow by introducing a
space-momentum correlation in the nucleon phase-space
distribution. Specifically, nucleons with large transverse
momentum are assumed to be more spread in space when
the in-plane components of their momenta are larger than
their out-of-plane components. Contrary to the conclu-
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sion obtained from heavy ion collisions at RHIC, the AL-
ICE Collaboration at LHC has found that its measured
deuteron spectra and elliptic flows in Pb+Pb collisions
at
√
sNN = 2.76 TeV [7] are more consistent with the
blast-wave model than the naive coalescence model that
assumes that the deuteron elliptic flow at certain trans-
verse momentum is twice the proton elliptic flow at half
the deuteron transverse momentum [19]. In the present
study, we extend the study of Ref. [16] for heavy ion col-
lisions at RHIC to that at LHC to show that the coales-
cence model using the nucleon phase-space distribution
from the extended blast-wave model can also describe the
experimental data from the LHC.
The paper is organized as follows. In the next section,
we describe in detail the extended blast-wave model. Sec-
tion III gives a brief review of the coalescence model that
has been extensively used in studying light nuclei pro-
duction in heavy ion collisions. We then show and dis-
cuss in Section IV the results on deuteron and helium-3
transverse momentum spectra and elliptic flows at the
centralities of 10-20% and 30-40% in Pb+Pb collisions
at
√
sNN = 2.76 TeV. Finally, a summary is given in
Section V.
II. THE EXTENDED BLAST-WAVE MODEL
In the conventional blast-wave model for nucleon pro-
duction in heavy ion collisions, the invariant momentum
spectrum of nucleons emitted from a fireball produced in
heavy ion collisions is given by [16]
E
d3N
d3p
=
∫
Σµ
d3σµp
µf(x, p), (1)
where Σµ is the hyper-surface of the fireball with a co-
variant normal vector σµ and p
µ is the four-momentum of
the emitted nucleon. The Lorentz-invariant thermal dis-
tribution of nucleons emitted from the hyper-surface is
f(x, p) = 2ξ(2pi)3 exp{−pµuµ/TK}, where ξ is the fugacity,
uµ is the four-velocity of a fluid element on the hyper-
surface, and TK is the kinetic freeze-out temperature of
2the fireball.
In terms of the longitudinal and transverse flow ra-
pidities η = 12 ln
t+z
t−z and ρ =
1
2 ln
1+|β|
1−|β| with β being the
transverse flow velocity, and the azimuthal angles φp and
φb of the nucleon transverse momentum and the trans-
verse flow velocity with respect to the reaction plane,
respectively, one has
pµuµ = mT cosh ρ cosh(η − y)
−pT sinh ρ cos(φp − φb),
pµd3σµ = τmT cosh(η − y)dηrdrdφ. (2)
In the above, mT =
√
m2 + p2T is the nucleon transverse
mass with m being its mass; r and φ are, respectively,
the radial and angular coordinates of the nucleon in the
transverse plane with the origin taken to be the center of
the fireball; and τ =
√
t2 − z2 is the proper time with z
being the nucleon coordinate along the beam direction.
Assuming that all nucleons are emitted at the proper
time τ0, the invariant nucleon momentum spectrum be-
comes
d3N
pTdpTdydφp
=
2ξτ0
(2pi)3
∫
Σµ
dηrdrdφmT cosh(η − y) exp
[
−mT cosh ρ cosh(η − y)− pT sinh ρ cos(φp − φb)
TK
]
. (3)
Same as in Refs. [16, 20], we parametrize the transverse
flow velocity by
β = β(r) [1 + ε(pT ) cos(2φb)] nˆ, (4)
where nˆ is the unit vector in the direction of their trans-
verse flow velocity β, which is taken to be normal to
the surface of the firball. The radial flow velocity β(r)
and pT -dependent coefficient ε(pT ) are parameterized as
β0r/R and c1 exp(−pT /c2), respectively, with R being
the average transverse radius of the fireball. The space-
momentum correlation of in plane (|pTx| > |pTy|) nucle-
ons with momentum greater than p0 is introduced by let-
ting R = R0 e
a(pT−p0). The nucleons are then assumed to
be uniformly distributed inside a cylinder and their spa-
tial distribution has an elliptic shape in the transverse
plane, so the spatial region can be expressed as
r ≤ R [1 + s2 cos(2φ)] , (5)
with the spatial eccentricity s2 = 〈(x2−y2)/(x2+y2)〉 [21]
and φ being the azimuthal angle of the nucleon position
vector r in the transverse plane.
The phase space distribution of freeze-out nucleons in
this extended blast-wave model is thus characterized by
the ten parameters: ξ, τ0, TK , β0, R0, c1, c2, a, p0, and
s2.
III. THE COALESCENCE MODEL
In the coalescence model for nuclei production [22–
24], the production probability of a nucleus of Z
protons and N neutrons from A = Z + N nucle-
ons is given by the overlap of the Wigner function
fA(x
′
1, ...,x
′
Z ,x
′
1, ...,x
′
N ;p
′
1, ...,p
′
Z ,p
′
1, ...,p
′
N , t
′) of the
nucleus with the phase-space distribution of fp(x,p, t) of
protons and fn(x,p, t) of neutrons at kinetic freeze-out,
that is
dNA
d3PA
= gA
∫
ΠZi=1p
µ
i d
3σiµ
d3pi
Ei
fp(xi,pi, ti)
×
∫
ΠNj=1p
µ
j d
3σjµ
d3pj
Ej
fn(xj ,pj , tj)
×fA(x′1, ...,x′Z ,x′1, ...,x′N ;p′1, ...,p′Z ,p′1, ...,p′N ; t′)
×δ(3)

PA − Z∑
i=1
pi −
N∑
j=1
pj

 , (6)
where gA = (2JA + 1)/2
A is the statistical factor for A
nucleons of spin 1/2 to form a nucleus of angular mo-
mentum JA. The coordinate xi and momentum pi are
those of the i-th nucleon in the fireball frame. The corre-
sponding coordinate x′i and momentum p
′
i, which appear
in the Wigner function, are obtained by Lorentz trans-
forming to the rest frame of produced nucleus and then
propagating earlier freeze-out nucleons freely to the time
when the last nucleon in the nucleus freezes out.
For the Wigner function of a nucleus, it is obtained
from the Wigner transform of its wave function, which
is taken to be the product of those of a harmonic oscil-
lator potential with the oscillator constant determined
by fitting the empirical charge radius of the nucleus. For
deuteron and helium-3 studied in the paper, their Wigner
functions are [25]
f2(ρ,pρ) = 8g2 exp
[
−ρ
2
σ2ρ
− p2ρσ2ρ
]
, (7)
and
f3(ρ,λ,pρ,pλ)
= 82g3 exp
[
−ρ
2
σ2ρ
− λ
2
σ2λ
− p2ρσ2ρ − p2λσ2λ
]
, (8)
3respectively, where
ρ =
x′1 − x′2√
2
, pρ =
p′1 − p′2√
2
, (9)
λ =
x′1 + x
′
2 − 2x′3√
6
, pλ =
p′1 + p
′
2 − 2p′3√
6
. (10)
In the above, the same masses for proton and neutron
have been assumed.
Information on the statistical factors and the values
of the width parameters in the Wigner functions for d
and 3He as well as the empirical values of their charge
radii and the resulting oscillator constants can be found
in Ref. [16].
IV. RESULTS
Using nucleons from the extended blast-wave model
described in Section II, we first fix the parameters of the
model by fitting the measured proton transverse momen-
tum spectrum and elliptic flow, shown by solid squares in
Fig. 1, from the ALICE Collaboration for Pb+Pb Col-
lisions at
√
sNN = 2.76 TeV and centrality of 10-20%.
The elliptic flow is calculated according to
v2 =
〈
p2x − p2y
p2x + p
2
y
〉
, (11)
where px and py are, respectively, the projections of the
nucleon transverse momentum along the x and y axes
in the transverse plane, which is perpendicular to the
reaction plane . These results are shown, respectively, in
Fig. 1(a) and Fig. 1(b) by black solid lines, and they are
obtained with values of the blast-wave parameters given
in the first row of Table I.
Although the proton transverse momentum spectrum
and elliptic flow as well as the transverse momentum
spectrum of deuteron are not affected by the parame-
ters p0 and a, the deuteron elliptic flow depends on their
values. In order to describe the measured deuteron el-
liptic flow (blue solid circles in Fig. 1(b)), it requires
p0 = 0.9 GeV/c and a = 0.05 (GeV/c)
−1, as shown by
the blue dash-dotted line in Fig. 1(b). Also shown in
Fig. 1 by blue dashed lines are the deuteron transverse
momentum spectrum (a) and elliptic flow (b) obtained
from the blast-wave model by simply replacing the pro-
ton mass with deuteron mass and using a deuteron fu-
gacity of ξd = 14.0. The resulting deuteron transverse
momentum spectrum is similar to that from the coales-
cence model and thus the experimental data. However,
the deuteron elliptic flow is smaller than that from the
coalescence model when the momentum is larger than
about 3 GeV/c and is therefore below the measured val-
ues. We have also calculated the transverse momentum
spectrum and elliptic flow of helium-3 from the coales-
cence model. As shown by red solid lines in Fig. 1, they
are very similar to those obtained from the blast-wave
1 2 3 4
10−5
10−3
10−1
101
103
Pb+Pb@2.76TeV, 10−20%
p    10−20%
d    10−20%
(a)
dN
/2
pi
p T
dp
T 
[(G
eV
/c)
−
2 ]
0 0.5 1 1.5 2 2.5 3 3.5 4
−0.05
0
0.05
0.1
0.15
0.2
0.25
p (BW)
d (BW+Coa.)
d (BW)
3He (BW+Coa.)
3He (BW)
(b)
pT (GeV/c)
v 2
FIG. 1: (Color online) Transverse momentum spectra (a)
and elliptic flows (b) of midrapidity proton (p), deuteron
(d) and helium-3 (3He) from the blast-wave model (BW) and
the coalescence model (BW+Coa.) for Pb+Pb collisions at
√
sNN = 2.76 TeV and centrality of 10-20%. Data for the
transverse momentum spectra are taken from Ref. [26] for
proton and Ref. [6] for deuteron, while those for elliptic flows
are taken from Ref. [27] for proton and Ref. [7] for deuteron.
model using the mass of helium-3 and a helium-3 fugac-
ity of ξ3He = 15.5, shown by red dashed lines. The results
for the elliptic flow of helium-3 from the two models are,
however, different at larger transverse momentum than
that shown in the figure.
We have repeated the above calculations for the cen-
trality of 30-40% in Pb+Pb collisions at
√
sNN = 2.76
TeV using values of the blast-wave model parameters
given in the second row of Table I. The resulting trans-
verse momentum spectra and elliptic flows of proton,
deuteron, and helium-3 are shown in Fig 2(a) and
Fig. 2(b), respectively. It is seen that results from the
coalescence model for the deuteron, shown by blue dash-
dotted lines, reproduce very well the experimental data
measured at the centrality of 20-40% for spectrum (blue
open circles) and 30-40% for elliptic flow (blue solid cir-
cles). Compared to the results from the blast-wave model
by using the deuteron mass and fugacity ξd = 13.0, the
two models again agree in the deuteron transverse mo-
mentum spectrum but differ in the elliptic flow, with that
from the blast-wave model visibly smaller for transverse
momentum larger than about 2 GeV/c. Deviation in
the helium-3 elliptic flows from the coalescence model
and the blast-wave model with a helium-3 fugacity of
ξ3He = 14.0, shown by red solid and dashed lines, also
becomes obvious for transverse momentum larger than
4TABLE I: Values of blast-wave model parameters for Pb+Pb collisions at
√
sNN = 2.76 TeV.
Centrality (%) ξ τ0 (fm/c) TK (MeV) β0 R0 (fm) c1 c2 (GeV/c) s2 p0 (GeV/c) a (GeV/c)
−1
10-20 5.5 13.5 120 0.84 17.0 0.09 4.6 -0.07 0.9 0.05
30-40 5.0 10.5 120 0.825 13.0 0.15 3.3 -0.12 0.9 0.02
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FIG. 2: (Color online) Same as Fig. 1 for centrality of 30-40%
except experimental data for the deuteron transverse momen-
tum spectrum is at centrality 20-30% and is shown by blue
open circles.
about 2.5 GeV/c with the coalescence model giving a
larger value than the blast-wave model. We note that the
difference between the two models for the elliptic flows
of deuteron and helium-3 at centrality 30-40% is much
larger than that at centrality 10-20%, which suggest that
the results from centrality at 30-40% in Pb+Pb collisions
at
√
sNN = 2.76 TeV can provide a stronger evidence to
distinguish different models.
V. SUMMARY
Using an extended blast-wave model, which includes a
space-momentum correlation in the phase-space distribu-
tion of high momentum nucleons, with its parameters fit-
ted to measured proton transverse momentum spectrum
and elliptic flow from Pb+Pb collisions at
√
sNN = 2.76
TeV for the two centralities of 10-20% and 30-40%, we
have used the coalescence model to calculate the trans-
verse momentum spectra and elliptic flows of deuteron
and helium-3. Our results for deuterons are seen to agree
with the experimental data from the ALICE Collabora-
tion. On the other hand, the deuteron elliptic flow ob-
tained from the blast-wave model by using the deuteron
mass fails to describe the data at large transverse mo-
mentum and is thus smaller than the results from the co-
alescence model. For collisions at the centrality 30-40%,
a similar difference is found between the helium-3 ellip-
tic flows at large transverse momentum obtained from
the coalescence model and the blast-wave model using
the helium-3 mass. Our results thus show that the coa-
lescence model using nucleons from the extended blast-
wave model can describe the elliptic flow of deuterons
measured in Pb+Pb collisions at LHC, as shown before
for the elliptic flows of deuteron and helium-3 measured
in Au+Au collisions at RHIC [16]. Therefore, studying
light nuclei production provides the opportunity to probe
the properties of the emission source of nucleons in rel-
ativistic heavy ion collisions, complimenting the study
based on the Hanbury-Brown-Twiss (HBT) interferome-
try of identical particles emitted at freeze-out [28–30].
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